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ON THE TANGENT FLOW OF A STOCHASTIC DIFFERENTIAL
EQUATION WITH FAST DRIFT

RICHARD B. SOWERS

Abstract. We investigate the behavior of the tangent flow of a stochastic
differential equation with a fast drift. The state space of the stochastic dif-
ferential equation is the two-dimensional cylinder. The fast drift has closed
orbits, and we assume that the orbit times vary nontrivially with the axial
coordinate. Under a nondegeneracy assumption, we find the rate of growth
of the tangent flow. The calculations involve a transformation introduced by
Pinsky and Wihstutz.

1. Introduction

There has recently been a renewed interest in stochastic averaging; viz., in the
techniques of model-reduction of stochastic differential equations (SDE’s) with sev-
eral scales of speed. Although classical stochastic averaging dates back to the
1960’s and the work of (among others) Khasminskii (see [8] and [9]), recent results
by Freidlin and Wentzell [6] have expanded the scope of stochastic averaging. This
renewed interest, and the development of a number of tools of stochastic analysis
since the 1960’s suggests that we re-examine stochastic averaging.

Our interest here is in the stability of stochastic averaging. In particular, we will
investigate the effect of an infinitesimally small perturbation of the initial condition
upon the trajectories of a stochastic differential equation (SDE) which is amenable
to stochastic averaging; more exactly, we are interested in the tangent flow of an
SDE which is amenable to stochastic averaging. In almost any physical model, exact
parameters, the initial condition included, are not precisely known. Thus it is of
interest to understand how a slight perturbation of the initial condition manifests
itself, particularly when a separation of scales occurs; this is a question of stability
of the SDE. Secondly, if we know the law of the two-point motion of an SDE, then
we can identify the coefficients of the SDE (see [2]); our results are also a small step
in the direction of understanding the two-point motion of an SDE which has a fast
motion. Baxendale has already investigated related asymptotics of the tangent flow
of an SDE with no fast component [3]. Finally, we should mention that our results
are a small step towards studying the Fokker-Planck equation of diffusions with
fast components. One of the most notable advances in stochastic analysis in the
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past several decades is the Malliavin calculus, which probabilistically gives analytic
information about densities of SDE’s (see [4] and [12]). It would be interesting to
see how the techniques of Malliavin calculus could be combined with some of the
asymptotics in stochastic averaging. Since the Malliavin covariance matrix crucially
depends on the tangent flow, our efforts would hopefully be relevant for such an
undertaking.

2. The Problem and the Result

Let’s state our problem and our results. The state space of our SDE will be the
two-dimensional cylinder, which we shall interpret as (R/Z)×R. We shall try to use
x ∈ R to denote the periodic or angular coordinate (thus all functions of x will be
periodic of period 1) and y ∈ R to denote the axial coordinate and z = (x, y) ∈ R2

to denote the ordered pair of these coordinates. Although we shall always write
the components of an element of R2 as a row vector, we shall implicitly convert to
column vectors in all instances of matrix multiplication. We first define a speed
which depends only on the y coordinate.

Definition 1 (Fast Drift). Fix α ∈ C∞(R) such that

• α(y) > 0 for all y ∈ R.
• α′(y) > 0 for all y ∈ R.
• For each n ≥ 0, supy∈R |α(n)(y)| < ∞ (where, as usual, α(n) is the n-th

derivative of α).

We will let α be the dominant speed in the angular coordinate–see Figure 1. We
also need some perturbations.

Definition 2 (Perturbations). Let (Ω,F ,P) be a probability triple on which are
defined two independent standard Wiener processes W 1 and W 2. For convenience,
define the three semimartingales

γ0
t

def= t, γ1
t

def= W 1
t , and γ2

t
def= W 2

t , t ≥ 0.

For each i ∈ {0, 1, 2} and each j ∈ {1, 2}, let σji ∈ C∞(R2) be such that

• σji (x, y) = σji (x + 1, y) for all x and y in R,
• For each triplet of nonnegative integers l, m, and n,

lim
|y|→∞

sup
x∈R

∣∣∣∣∣ ∂m+lσji
∂xm∂yl

(x, y)

∣∣∣∣∣ |y|n = 0.

Our main object of study will be the following stochastic differential equation:

dXε
t (x, y) =

1
ε2
α(Y εt (x, y))dt +

2∑
i=0

σ1
i (X

ε
t (x, y), Y

ε
t (x, y)) ◦ dγis,

dY εt (x, y) =
2∑
i=0

σ2
i (X

ε
t (x, y), Y

ε
t (x, y)) ◦ dγis,

Xε
0(x, y) = x,

Y ε0 (x, y) = y,

t ≥ 0,(1)
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looks like

Figure 1. Fast drift

(0,0)

(0.1, 0.1)

Figure 2. Two solutions (with starting points (0, 0) and (0.1, 0.1))

for all (x, y) ∈ R2. Here “◦” corresponds to Stratonovich integration. This SDE is
a speeded-up and randomly-perturbed form of the twist map

zt(x, y)
def= (x+ α(y)t, y), t ∈ R, (x, y) ∈ R2,

The orbits of the twist map are periodic (when we consider R/Z) and they are of
constant speed, with this speed varying from orbit to orbit.

We are interested in the stability of the SDE (1). Standard results (see [5] and
[11]) ensure that for each t ≥ 0, the map (x, y) → (Xε

t (x, y), Y εt (x, y)) is C∞. We
can then define the 2× 2 matrix Ξεt (x, y) by

Ξε,x,yt
def=

(
∂Xεt
∂x (x, y) ∂Xεt

∂y (x, y)
∂Y εt
∂x (x, y) ∂Y εt

∂y (x, y)

)
for all t ≥ 0 and (x, y) ∈ R2. Heuristically, Ξε,x,yt measures how a small perturbation
in the initial condition (i.e., a small perturbation in the point (x, y)) propagates.
We are interested in how this notion of stability interacts with the twist map. If we
start the SDE (1) at two nearby points (x, y) and (x′, y′), then the two solutions of
(1) should quickly separate if the perturbations kick one of the solutions to a higher
y (where the angular speed α is larger); see Figure 2. Our goal is to quantify this.
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For future reference, let’s identify the generator of (Xε, Y ε). Define the three
vector fields (i.e., derivations)

(σiϕ)(x, y) def= σ1
i (x, y)

∂ϕ

∂x
(x, y) + σ2

i (x, y)
∂ϕ

∂x
(x, y), ϕ ∈ C∞(R2), (x, y) ∈ R2,

for all i ∈ {0, 1, 2}. Also define the fast vector field

(Fϕ)(x, y) def= α(y)
∂ϕ

∂x
(x, y), ϕ ∈ C∞(R2), (x, y) ∈ R2,

and define the second-order operator Hörmander-form operator

L
def= σ0 +

1
2

2∑
i=1

σ2
i .

The generator of (Xε
t , Y

ε
t ) is the second-order operator ε−2F + L . We also note

that for any ϕ ∈ C∞b (R2) and t ≥ 0,

ϕ(Xε
t (x, y), Y

ε
t (x, y))− ϕ(Xε

t (x, y), Y
ε
t (x, y))

= ε−2

∫ t

0

(Fϕ)(Xε
s (x, y), Y

ε
s (x, y))ds

+
2∑
i=0

∫ t

0

(σiϕ)(Xε
s (x, y), Y

ε
s (x, y)) ◦ dγis

= ε−2

∫ t

0

(Fϕ)(Xε
s (x, y), Y

ε
s (x, y))ds

+
∫ t

0

(Lϕ)(Xε
s (x, y), Y

ε
s (x, y))ds+

2∑
i=0

∫ t

0

(σiϕ)(Xε
s (x, y), Y

ε
s (x, y))dW i

s .

The larger context of our problem is one of stochastic averaging. The point of (1)
is that there is an asymptotic separation of scales ; the angular coordinate Xε

t (x, y)
varies quickly (with speed ε−2) and Y εt (x, y) is a slowly-varying quantity. Since the
orbits of the angular component are closed (upon mapping to R/Z), we should be
able to get some closed dynamics for Y εt as ε tends to zero. Note that

inf{t ≥ 0 : zt(x, y) = (x+ 1, y)} =
1

α(y)

for any (x, y) ∈ R2 and

α(y)
∫ 1/α(y)

0

ϕ(zs(x, y))ds =
∫ 1

0

ϕ(x′, y)dx′

for all y ∈ R and any Borel-measurable function ϕ : R2 → R which is 1-periodic in
the first argument. It is fairly classical that the law of Y ε converges to that of a
Markov process given by an effective generator. Define the second-order operator
L̄ on C∞(R) by

(L̄ ϕ)(y) =
∫ 1

0

(L ϕ′)(x, y)dx, y ∈ R,

for all ϕ ∈ C∞(R) where ϕ′(x, y) def= ϕ(y) for all (x, y) ∈ R2. Then
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Proposition 1. The law of {Y εt (x, y); t ≥ 0} converges (in the Prohorov topology
on P(C([0,∞);R))) to the law of a Markov process with generator L̄ (with domain
C∞(R)) and initial condition δy.

See [7] for a proof.
Let ‖ · ‖ be the standard Euclidean distance function on R2. Our main result is:

Main Theorem. Fix (x, y) ∈ R2, t > 0, and V ∈ R2 \ {0}. Then under Assump-
tion 1 below,

lim
ε→0

E

[∣∣∣∣ε4/3 ln
‖Ξε,x,yt V ‖
‖V ‖ −

∫ t

0

λ(Y εs (x, y))ds
∣∣∣∣p
]

= 0,(2)

where the map λ : R→ R is given in Definition 4 below.

This identifies the rate of growth of Ξε,x,yt for fixed t as ε tends to zero. Heuris-
tically, we have that

‖Ξε,x,yt V ‖
‖V ‖

ε→0� exp
[
ε−4/3

∫ t

0

λ(Y εs (x, y))ds
]
.

Thus, if we start the SDE (1) at two nearby but different points, we should expect
the two solutions to diverge at an exponential rate of ε−4/3, with the precise rate
depending upon the slowly-varying coordinate Y ε (which is in the limit governed
by the averaged dynamics of Proposition 1). The novel exponent of 4/3 comes from
a certain nilpotency in the fast dynamics of Ξε,x,y.

To define the function λ of (2), we need several things. First, let’s compute a
certain invariant distribution.

Proposition 2. For each υ0 ∈ R and υ1 > 0, the PDE

υ0

(
sin2 uυ0,υ1

)′
(θ) +

υ1

2

(
cos2

(
cos2 uυ0,υ1

)′)′
(θ) = 0, 0 ≤ θ ≤ 2π,

uυ0,υ1(0) = uυ0,υ1(2π),

u′υ0,υ1
(0) = u′υ0,υ1

(2π),∫ 2π

0

uυ0,υ1(θ)dθ = 1

has a unique C∞ solution.

The proof is deferred until Section 5. The term
(
sin2 uυ0,υ1

)′
means the deriv-

ative of the map θ 7→ (sin2 θ)uυ0,υ1(θ) and the term
(
cos2

(
cos2 uυ0,υ1

)′)′ means

the derivative of the product of θ 7→ cos2 θ and the derivative of the map θ 7→
(cos2 θ)uυ0,υ1(θ). Next, we make a definition.

Definition 3. For each υ0 ∈ R and υ1 > 0, define

`υ0,υ1(θ)
def= υ0 sin θ cos θ +

υ1

2
cos2 θ{1− 2 sin2 θ}

for all θ ∈ R and define

¯̀(υ0, υ1)
def=
∫ 2π

0

`υ0,υ1(θ)uυ0,υ1(θ)dθ.
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Define

υ0(y)
def= α′(y) and υ1(y)

def=
2∑
i=1

∫ 1

0

(
∂σ2

i

∂x
(x, y)

)2

dx

for all y ∈ R. The assumptions of Definition 1 ensure that υ0(y) is finite for all
y > 0, and we now impose

Assumption 1 (Nondegeneracy). For each y ∈ R, υ1(y) > 0.

Definition 4. Define

λ(y) = ¯̀(υ0(y),υ1(y))

for all y ∈ R.

The following explanation of the parameters υ1 and υ2 was suggested by Peter
Baxendale. As we discussed, the reason for the growth of the tangent flow is that
nearby starting points will get kicked to different orbits, where they will separate
due to the difference in angular speed (which is measured by υ0 = α′). The worst
case is if the two starting points are on the same orbit; i.e., consider two starting
points (x, y) and (x+δ, y). The primary reason why these two starting points would
move to different orbits (remember that the same noise is driving both solutions of
the SDE) is if the diffusion coefficients in the y direction are different at (x, y) and
(x + δ, y); i.e., if ∂σ2

1
∂x (x, y) or ∂σ2

2
∂x (x, y) is nonzero. The quantity υ1 measures the

effective average of these quantities.
As the basis for all of our analysis, let’s write down the SDE for the matrix

Ξε,x,y. For any (x, y) ∈ R2,

dΞε,x,yt = ε−2

(
0 α′(Y εt (x, y))
0 0

)
Ξε,x,yt dt

+
2∑
i=0

(
∂σ1
i

∂x (Xε
t (x, y), Y εt (x, y)) ∂σ1

i

∂y (Xε
t (x, y), Y εt (x, y))

∂σ2
i

∂x (Xε
t (x, y), Y εt (x, y)) ∂σ2

i

∂y (Xε
t (x, y), Y εt (x, y))

)
Ξε,x,yt ◦ dγit ,

Ξε,x,y0 = I.

(3)

3. A Pinsky-Wihstutz Transformation and the

Khasminskii-Furstenburg Formula

We start by using the transformation of Pinsky and Wihstutz [13] to identify the
dominant terms of (3). To help clarify things, let’s set up some notation. Define
the 2× 2 transformation matrix

Wε
def=
(
ε2/3 0
0 1

)
and note that for any a, b, c, and d in R,

Wε

(
a b
c d

)
W−1
ε =

(
a bε2/3

cε−2/3 d

)
.
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Fix now a point (x∗, y∗) ∈ R2. For convenience, we henceforth set Xε
t =

Xε
t (x∗, y∗) and Y εt = Y εt (x∗, y∗), and we define

Zεt
def= (Xε

t , Y
ε
t ),

Ξ̂εt
def= WεΞ

ε,x∗,y∗

t W−1
ε ,

for all t ≥ 0 and ε > 0. Define

Sε0(x, y) def=

(
ε4/3 ∂σ

1
0

∂x (x, y) α′(y) + ε2 ∂σ
1
0

∂y (x, y)

ε2/3 ∂σ
2
0

∂x (x, y) ε4/3 ∂σ
2
0

∂y (x, y)

)
,

Sεi (x, y)
def=

(
ε2/3 ∂σ

1
i

∂x (x, y) ε4/3 ∂σ
1
i

∂y (x, y)
∂σ2
i

∂x (x, y) ε2/3 ∂σ
2
i

∂y (x, y)

)
, i ∈ {1, 2},

for all (x, y) ∈ R2 and ε > 0. We then have that

dΞ̂εt = ε−4/3Sε0(Zεt )Ξ̂
ε
tdt+ ε−2/3

2∑
i=1

Sεi (Z
ε
t )Ξ̂

ε
t ◦ dW i

t

for all t ≥ 0 and ε > 0. Of course

Lemma 1. For any nonzero V ∈ R2 \ {0} and every t ≥ 0, we have that

lim
ε→0

E

[∣∣∣∣∣ε4/3 ln
‖Ξε,x

∗,y∗

t V ‖
‖V ‖ − ε4/3 ln

‖Ξ̂εtV ‖
‖V ‖

∣∣∣∣∣
p]

= 0.

Proof. The transformation Wε is polynomial in ε2/3; such transformations are in-
visible under the desired logarithmic asymptotics.

Fix now V ∈ R2 \ {0}. The Khasminskii-Furstenburg formula allows us to study
the evolution of ‖Ξε,x,yt V ‖. To write all of this out, we adopt most of the notation
of [13]. Define S1 def= {x ∈ R2 : ‖x‖ = 1} and let 〈·, ·〉 denote the standard inner
product in R2. For any 2× 2 matrix C, define

h(C, θ) def= Cθ − 〈Cθ, θ〉 θ,

q0(C, θ)
def= 〈Cθ, θ〉 ,

q1(C, θ)
def= 〈Cθ,Cθ〉 +

〈
C2θ, θ

〉
− 2 〈Cθ, θ〉2 ,

θ ∈ S1.

Set

θεt
def=

Ξ̂εtV
‖Ξ̂εtV ‖

for all t ≥ 0 and ε > 0. Then we have

Proposition 3. For each t ≥ 0 and ε > 0,

ln
‖Ξ̂εtV ‖
‖V ‖ = ε−4/3

∫ t

0

q0(Sε0(Zεs ), θ
ε
s)ds+ ε−2/3

2∑
i=1

∫ t

0

q0(Sεi (Z
ε
s), θ

ε
s) ◦ dW i

s(4)

and

dθεt = ε−4/3h(Sε0(Zεt ), θ
ε
t )dt+ ε−2/3

2∑
i=1

h(Sεi (Z
ε
t ), θ

ε
t ) ◦ dW i

t .(5)
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Proof. Straightforward.

Let’s convert things into a more usable form; namely, let’s convert (4) to Itô
form and let’s identify the generator of the R2 × S1-valued process (Zε, θε). First
of all, define

Sε,′i (x, y) def=

(
ε2/3 ∂

2σ1
i

∂x2 σ
1
i + ε2/3 ∂

2σ1
i

∂x∂yσ
2
i ε4/3 ∂

2σ1
i

∂x∂yσ
1
i + ε4/3 ∂

2σ1
i

∂y2 σ
2
i

∂2σ2
i

∂x2 σ
1
i + ∂2σ2

i

∂x∂yσ
2
i ε2/3 ∂

2σ2
i

∂x∂yσ
1
i + ε2/3 ∂

2σ2
i

∂y2 σ
2
i

)
(x, y)

for i ∈ {1, 2}, (x, y) ∈ R2, and ε > 0. Then

Corollary 1. For each t ≥ 0,

ln
‖Ξ̂εtV ‖
‖V ‖ = ε−4/3

∫ t

0

{
q0(Sε0(Zεs ), θ

ε
s) +

1
2

2∑
i=1

q1(Sεi (Z
ε
s ), θ

ε
s)

}
ds

+ ε−2/3
2∑
i=1

∫ t

0

q0(Sεi (Z
ε
s ), θ

ε
s)dW

i
s +

ε−2/3

2

2∑
i=1

∫ t

0

q0(S
ε,′
i (Zεs ), θ

ε
s)ds.

Let ∇ denote the standard Euclidean gradient operator. For any 2 × 2 matrix
C, define the vector field (derivation) hC on S1 by

(hCϕ)(θ) def= 〈h(C, θ),∇ϕ̃(θ)〉

for any ϕ ∈ C∞(S1) and θ ∈ S1 and any ϕ̃ ∈ C∞(R \ {0}) such that ϕ̃(θ) = ϕ(θ)
for all θ ∈ S1. For each z ∈ R2 and ε > 0, define the second-order Hörmander-form
differential operator A ε

z on C∞(S1) as

A ε
z

def= hSε0(z) +
1
2

2∑
i=1

h2
Sεi (z) + ε2/3

2∑
i=1

hSε,′i (z).

Heuristically, ε−4/3A ε
z is the generator of θε (if we fix Zε at z). In order to write

down the evolution of the pair (Zε, θε), we need to extend differential operators from
C∞(R2) (i.e. the σi’s and L ) and C∞(S1) (i.e. the hC ’s and A ε

z ) to C∞(R2×S1).
We do so in the obvious way; if D is a differential operator on C∞(R2) and D ′ is a
differential operator on C∞(S1), we extend them to C∞(R2 × S1) by the formulæ

(Dϕ)(z, θ) def= (Dϕ(·, θ))(z) and (D ′ϕ)(z, θ) def= (D ′ϕ(z, ·))(θ)(6)

where the “·” denotes the variable with respect to which derivatives are being taken.
To proceed with our calculations, we now define, for each ε > 0, the second-order
differential operator Dε on C∞(R2 × S1) as

(Dεϕ)(z, θ) def=
2∑
i=1

{
(hSεi (z)σiϕ)(z, θ) + (σihSεi (z)ϕ)(z, θ)

}
for each ϕ ∈ C∞(R2 × S1), z ∈ R2 and θ ∈ S1. In this formula, we interpret
hSεi (z)σiϕ to mean the action (as in (6)) of the vector field hSεi (z) on the function
(z, θ) 7→ (σiϕ)(z, θ) and we interpret σihSεi (z)ϕ to mean the action (as in (6)) of
the vector field σi on the function (z, θ) 7→ (hSεi (z)ϕ)(z, θ). Combining (1) and (5)
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and then converting to Itô form, we see that for any Φ ∈ C∞b (R2 × S1),

Φ(Zεt , θ
ε
t )− Φ(Zε0 , θ

ε
0) = ε−2

∫ t

0

(FΦ)(Zεs , θ
ε
s)ds+

3∑
i=0

∫ t

0

(σiΦ)(Zεs , θ
ε
s) ◦ dγis

+ ε−4/3

∫ t

0

(hSε0(Zεs )Φ)(θεs)ds+ ε−2/3
2∑
i=1

∫ t

0

(hSεi (Zεs )Φ)(Zεs , θ
ε
s) ◦ dW i

s

= ε−2

∫ t

0

(FΦ)(Zεs , θ
ε
s)ds+

∫ t

0

(L Φ)(Zεs , θ
ε
s)ds+

2∑
i=1

∫ t

0

(σiΦ)(Zεs , θ
ε
s)dW

i
s

+ ε−4/3

∫ t

0

(A ε
Zεs

Φ)(Zεs , θ
ε
s)ds+ ε−2/3

2∑
i=1

∫ t

0

(hSεi (Zεs )Φ)(Zεs , θ
ε
s)dW

i
s

+ ε−2/3
2∑
i=1

∫ t

0

(DεΦ)(Zεs , θ
ε
s)ds

(7)

for all t ≥ 0 and ε > 0.

4. Asymptotics

Let’s start to identify the dominant parts of things. Define

A0
def=
(

0 1
0 0

)
and A1

def=
(

0 0
1 0

)
,

ϑ0(x, y)
def= α′(y) and ϑi(x, y)

def=
∂σ2

i

∂x
(x, y), i ∈ {1, 2},

for all (x, y) ∈ R2. Clearly there is an M > 0 such that

sup
z∈R2

‖Sε0(z)− ϑ0(z)A0‖op ≤Mε2/3,

sup
z∈R2

‖Sεi (z)− ϑi(z)A1‖op ≤Mε2/3, i ∈ {1, 2},
(8)

for all ε > 0 (where here ‖ · ‖op is the norm on 2 × 2 matrices induced by ‖ · ‖).
Note also that

υ0(y) =
∫ 1

0

ϑ0(x, y)dx and υ1(y)
def=

2∑
i=1

∫ 1

0

ϑ2
i (x, y)dx

for all y ∈ R. Define now

Λ1(z, θ)
def= ϑ0(z)q0(A0, θ) +

1
2

{
2∑
i=1

ϑ2
i (z)

}
q1(A1, θ)

for all z ∈ R2 and θ ∈ S1; to enforce notational clarity, if z = (x, y), then
Λ1(x, y, θ) = Λ1(z, θ). Then our first asymptotic simplification is

Lemma 2. For any p ≥ 1 and any t ≥ 0,

lim
ε→0

E

[∣∣∣∣∣ε4/3 ln
‖Ξ̂εtV ‖
‖V ‖ −

∫ t

0

Λ1(Zεs , θ
ε
s)ds

∣∣∣∣∣
p]

= 0.(9)

Proof. Use (8).
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We can easily compare various speeds. The speed of Zε is ε−2 and the speed of
θε (using (5)) is ε−4/3. Thus the Xε component of Zε will make many rotations
(mapping the Xε coordinate to R/Z) before θε moves any noticeable amount. Thus,
we should first average out the Xε component of Zε in (9). Define

Λ2(y, θ)
def=
∫ 1

0

Λ1(x, y, θ)dx;

we should be able to replace Λ1(Zεs , θ
ε
s) in Lemma 2 with Λ2(Y εs , θ

ε
s).

Let’s now set up some notation to take care of a small difficulty. In order to
replace Λ1 by Λ2, we will use an auxiliary function Φ in (7). Unfortunately, we
have no control over Φ for y = ±∞. We need to localize. For each K > 0 and
ε > 0, define the stopping time

τεK
def= inf{t ≥ 0 : |Y εt | ≥ K}.

Then (in light of the SDE for Y ε in (1))

Lemma 3. We have that

lim
K→∞

sup
ε>0

P {τεK < t} = 0.

We now can make the stated replacement.

Lemma 4. For any p ≥ 1 and any t ≥ 0,

lim
ε→0

E

[∣∣∣∣∫ t

0

{Λ1(Zεs , θ
ε
s)− Λ2(Y εs , θ

ε
s)} ds

∣∣∣∣p
]

= 0.

Proof. First of all, note that for any K > 0 and ε > 0,

(10) E

[∣∣∣∣∫ t

0

{Λ1(Zεs , θ
ε
s)− Λ2(Y εs , θ

ε
s)} ds

∣∣∣∣p
]1/p

≤ E
[∣∣∣∣∣
∫ t∧τεK

0

{Λ1(Zεs , θ
ε
s)− Λ2(Y εs , θ

ε
s)} ds

∣∣∣∣∣
p]1/p

+ E

[∣∣∣∣∣
∫ t

t∧τεK
{Λ1(Zεs , θ

ε
s)− Λ2(Y εs , θ

ε
s)} ds

∣∣∣∣∣
p]1/p

.

By Definitions 1 and 2 there is an M > 0 such that |Λ1(z, θ)| ≤M and |Λ2(y, θ)| ≤
M for all z ∈ R2 and y ∈ R. Thus,

E

[∣∣∣∣∣
∫ t

t∧τεK
{Λ1(Zεs , θ

ε
s)− Λ2(Y εs , θ

ε
s)} ds

∣∣∣∣∣
p]1/p

≤ 2MtP {τεK < t}1/p .(11)

Next, define

Ψ(x, y, θ) def=
1

α(y)

{∫ x

0

Λ1(x′, y, θ)dx′ − xΛ2(y, θ)
}

for all (x, y) ∈ R2 and θ ∈ S1 (here is the place where we need to localize; as α
tends to zero, Ψ tends to infinity). Note that Ψ ∈ C∞(R2 × S1) and that

(FΨ)(x, y, θ) = Λ1(x, y, θ) − Λ2(y, θ)
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for all (x, y) ∈ R2 and θ ∈ S1. Taking Φ = ε2Ψ in (7), we have that∫ t∧τεK

0

{Λ1(Zεs , θ
ε
s)− Λ2(Y εs , θ

ε
s)} ds = ε2

{
Ψ(Zεt∧τεK , θ

ε
t∧τεK )−Ψ(Zε0 , θ

ε
0)
}

− ε2

∫ t∧τεK

0

(L Ψ)(Zεs , θ
ε
s)ds− ε2

2∑
i=1

∫ t∧τεK

0

(σiΨ)(Zεs , θ
ε
s)dW

i
s

− ε2/3

∫ t∧τεK

0

(A ε
Zεs

Ψ)(Zεs , θ
ε
s)ds− ε4/3

2∑
i=1

∫ t∧τεK

0

(hSεi (Zεs )Ψ)(Zεs , θ
ε
s)dW

i
s

− ε4/3
2∑
i=1

∫ t∧τεK

0

(DεΨ)(Zεs , θ
ε
s)ds.

Letting ε tend to zero, we get that

lim
ε→0

E

[∣∣∣∣∣
∫ t∧τεK

0

{Λ1(Zεs , θ
ε
s)− Λ2(Y εs , θ

ε
s)} ds

∣∣∣∣∣
p]

= 0

for each K > 0. Use this and (11) to first let ε tend to zero and then let K tend to
infinity in (10). This gives the stated result.

Next, we average over θε. Of course to do so, we should identify the relevant
reference measure for θε. Define first the second-order Hörmander-form operator

A 0
z

def= ϑ0(z)hA0 +
1
2

{
2∑
i=1

ϑ2
i (z)

}
h2
A1

for each z ∈ R2. Note that for any ϕ ∈ C∞(S1), there is an M > 0 such that

sup
z∈R2

θ∈S1

∣∣(A 0
z ϕ)(θ) − (A ε

z ϕ)(θ)
∣∣ ≤Mε2/3.

Thus, θε roughly evolves according to ε−4/3A 0
Zε . Again, we are faced with the

fact that Zε moves much faster than θε. Thus, we should define the averaged
second-order Hörmander-form operator

Āy
def= υ0(y)hA0 +

1
2
υ1(y)h2

A1
(12)

for all y ∈ R; of course

(Āyϕ)(θ) =
∫ 1

x=0

(A 0
x,yϕ)(θ)dx

for all y ∈ R and ϕ ∈ C∞(S1). Then Āy is a hypoelliptic operator on S1 for each
y ∈ R (see [1] or [13] or the calculations of Section 5). Thus, for each y ∈ R there
is a unique µ̄y ∈P(S1) such that∫

z∈S1
(Āyϕ)(z)µ̄y(dz) = 0

for all ϕ ∈ C∞(S1). Finally, define

λ(y) def=
∫
θ∈S1

Λ2(y, θ)µ̄y(dθ).(13)
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(we shall see in Section 5 that this definition coincides with that of Definition 4).
We then have

Lemma 5. For any p ≥ 1 and any t ≥ 0,

lim
ε→0

E

[∣∣∣∣∫ t

0

{Λ2(Y εs , θ
ε
s)− λ(Y εs )} ds

∣∣∣∣p
]

= 0.

Proof. Of course we need only prove that for any K > 0

lim
ε→0

E

[∣∣∣∣∣
∫ t∧τεK

0

{Λ2(Y εs , θ
ε
s)− λ(Y εs )} ds

∣∣∣∣∣
p]

= 0.(14)

By the Fredholm alternative and standard smoothness results, for each y ∈ R
there is a Ψ̂y ∈ C∞(S1) such that

(ĀyΨ̂y)(y, θ) = Λ2(y, θ)− λ(y)

for all y ∈ R (again, here is the need for localization; if υ1(y) is close to zero,
the PDE for Ψ̂y becomes a singular perturbation problem). Define Ψ1(x, y, θ)

def=
Ψ̂y(θ). Note that since Ψ1 does not depend on the first coordinate x, FΨ1 ≡ 0 and
furthermore ∫ 1

x=0

(A 0
x,yΨ1)(x, y, θ)dx = (ĀyΨ̂y)(θ) = Λ2(y, θ)− λ(y)

for all y ∈ R and θ ∈ S1. Setting Φ = ε4/3Ψ1 in (7), we can calculate that∫ t∧τεK

0

(A ε
Zεs

Ψ1)(Zεs , θ
ε
s)ds

= ε4/3
{

Ψ1(Zεt∧τεK , θ
ε
t∧τεK )−Ψ1(Zε0 , θ

ε
0)
}
− ε4/3

∫ t∧τεK

0

(L Ψ1)(Zεs , θ
ε
s)ds

− ε4/3
2∑
i=1

∫ t∧τεK

0

(σiΨ1)(Zεs , θ
ε
s)dW

i
s − ε2/3

2∑
i=1

∫ t∧τεK

0

(hSεi (Zεs )Ψ1)(Zεs , θ
ε
s)dW

i
s

− ε2/3
2∑
i=1

∫ t∧τεK

0

(DεΨ1)(Zεs , θ
ε
s)ds.

Thus

lim
ε→0

E

[∣∣∣∣∣
∫ t∧τεK

0

(A 0
Zεs

Ψ1)(Zεs , θ
ε
s)ds

∣∣∣∣∣
p]

= 0.(15)

Now define

Ψ2(x, y, θ)
def=

1
α(y)

{∫ x

0

(A 0
x′,yΨ1)(x′, y, θ)dx′ − x {Λ2(y, θ)− λ(y)}

}
for all (x, y) ∈ R2 and θ ∈ S1. Then

(FΨ2)(x, y, θ) = (A 0
x,yΨ1)(x, y, θ)− {Λ2(y, θ)− λ(y)}
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for all (x, y) ∈ R2 and θ ∈ S1. Again using (7) (with Φ = ε2Ψ2), we get that∫ t∧τεK

0

{
(A 0

Zεs
Ψ1)(Zεs , θ

ε
s)− {Λ2(Y εs , θ

ε
s)− λ(Y εs )}

}
ds

= ε2
{

Ψ2(Zεt∧τεK , θ
ε
t∧τεK )−Ψ2(Zε0 , θ

ε
0)
}
− ε2

∫ t∧τεK

0

(L Ψ2)(Zεs , θ
ε
s)ds

− ε2
2∑
i=1

∫ t∧τεK

0

(σiΨ2)(Zεs , θ
ε
s)dW

i
s − ε2/3

∫ t∧τεK

0

(A ε
Zεs

Ψ2)(Zεs , θ
ε
s)ds

− ε4/3
2∑
i=1

∫ t∧τεK

0

(hSεi (Zεs )Ψ2)(Zεs , θ
ε
s)dW

i
s − ε4/3

2∑
i=1

∫ t∧τεK

0

(DεΨ2)(Zεs , θ
ε
s)ds.

This implies that

lim
ε→0

E

[∣∣∣∣∣
∫ t∧τεK

0

{
(A 0

Zεs
Ψ1)(Zεs , θ

ε
s)− {Λ2(Y εs , θ

ε
s)− λ(Y εs )}

}
ds

∣∣∣∣∣
p]

= 0.

Combine this with (15) to get (14).

This completes the proof of the main result.

Proof of Main Theorem. Combine Lemmas 1, 2, 4, and 5.

5. Explicit Formulæ

Let’s now extract the formulæ of Proposition 2 and Definitions 3 and 4. To do
so, we want to map various objects (viz. differential operators and measures) from
S1 to R. To start, define Θ : R→ S1 by

Θ(ς) def= (cos ς, sin ς), ς ∈ R.

Fix next a ϕ ∈ C∞(R2 \ {0}) and define

ϕ̃(ς) = ϕ(Θ(ς)).(16)

An easy computation shows that

ϕ̃′(ς) = − sin ς
∂ϕ

∂x
(Θ(ς)) + cos ς

∂ϕ

∂y
(Θ(ς)).

It is fairly easy to see that

h(A0,Θ(ς)) = (sin3 ς,−(sin2 ς)(cos ς)),

h(A1,Θ(ς)) = (−(cos2 ς)(sin ς), cos3 ς)

for all ς ∈ R. This implies that

(hA0ϕ)(Θ(ς)) = −(sin2 ς)ϕ̃′(ς), (hA1ϕ)(Θ(ς)) = (cos2 ς)ϕ̃′(ς)

for all ς ∈ R. For each υ1 ∈ R and υ2 > 0, define now the second-order operator
Ā R
υ0,υ1

on C∞(R) by

(Ā R
υ0,υ1

ϕ̂)(ς) = −υ0(sin2 ς)ϕ̂′(ς) +
1
2
υ1(cos2 ς)

(
cos2 ϕ̂′

)′
(ς)

for all ς ∈ R and ϕ̂ ∈ C∞(R). Here the term
(
cos2 ϕ̂′

)′ means the derivative of the
map ς 7→ (cos2 ς)ϕ̂′(ς). Thus we have
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Lemma 6. For each υ0 ∈ R and υ1 > 0, the PDE of Proposition 2 has a unique
C∞ solution. Secondly, the map (υ0, υ1, ς) 7→ uυ0,υ1(ς) is C∞. Finally,

µy(A) =
∫
ς∈[0,2π]
Θ(ς)∈A

uυ0(y),υ1(y)(ς)dς

for all A ∈ B(S1) and all y ∈ R.

Proof. From the above calculations and (12), we have that

(Āyϕ)(Θ(ς)) =
(
Ā R
υ0(y),υ1(y)ϕ̃

)
(ς)

if we have (16). It is fairly easy to see that Ā R
υ0,υ1

is hypoelliptic for each υ0 ∈ R
and υ1 > 0 ((hA1ϕ)(Θ(ς)) = 0 for all ϕ if and only if ς = π(k + 1/2) for some
integer k, but ([hA0 , [hA0 ,hA1 ]]ϕ)(Θ((k + 1/2)π)) = 0 only if ϕ̂′((k + 1/2)π) = 0).
Standard estimates imply that uυ0,υ2 is well-defined and C∞ (see, for example
[4] and the references therein) and (υ0, υ1, ς) 7→ uυ0,υ1(ς) is indeed C∞ (see, for
example, [10]).

To get to the explicit formula of Definition 4, we calculate that

q0(A0,Θ(ς)) = (sin ς)(cos ς) and q1(A1,Θ(ς)) = cos2 ς − 2(cos2 ς)(sin2 ς)

for all ς ∈ R and use (13).

References

1. L. Arnold, E. Oeljeklaus, and É. Pardoux, Almost sure and moment stability for linear
Ito equations, Lyapunov exponents (Bremen, 1984), Springer, Berlin, 1986, pp. 129–159.
MR 87m:60123

2. Peter Baxendale, Brownian motions in the diffeomorphism group. I, Compositio Math. 53
(1984), no. 1, 19–50. MR 86e:58086

3. , Stability along trajectories at a stochastic bifurcation point, Stochastic dynamics
(Bremen, 1997), Springer, New York, 1999, pp. 1–25. MR 2000a:60112

4. Denis R. Bell, The Malliavin calculus, Longman Scientific & Technical, Harlow, 1987.
MR 88m:60155

5. K. D. Elworthy, Stochastic differential equations on manifolds, Cambridge University Press,
Cambridge, 1982 MR 84d:58080

6. Mark I. Freidlin and Alexander D. Wentzell, Random perturbations of Hamiltonian systems,
Mem. Amer. Math. Soc. 109 (1994), no. 523, viii+82. MR 94j:35064
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